We show that over half of the Dehn surgeries on S 3 along the figure eight knot K yield manifolds having finite covers with positive first Betti number by explicitly constructing these covers and exhibiting their homology.
1. Introduction. Denote by K the figure eight knot, pictured in Figure 1 . In his celebrated Notes, [T] , Thurston showed that all but finitely many Dehn surgeries along K in S 3 yield hyperbolic nonHaken manifolds-the first such examples. It remains an open question whether or not these manifolds (or every closed, irreducible 3-manifold with infinite πi) are finitely covered by Haken manifolds, or stronger still, by manifolds with positive first Betti number. FIGURE 1 In this paper we will show that over half of the Dehn surgeries along K yield manifolds having finite covers with positive first Betti number by explicitly constructing these covers and exhibiting their homology.
Section 2 is devoted to notation and preliminaries. Section 3 contains a statement of our results as well as a summary of previous results on the problem. The method of proof is outlined in §4. Proofs are given in § §5-7.
2 Preliminaries. Throughout this paper K will denote the figure eight knot and M the complement, in S 3 , of an open regular neighborhood of K. We will use the fact that M is a bundle over S ι with fiber a once-punctured torus. We fix a basepoint, 6, in d T o and let x, y be the elements of 7Γi(7o, ft) represented by the loops x, y in ΓQ based at ft via the arc σ. Then x and y freely generate πi(7o, ft) and Z> x , Z> y induce the isomorphisms:
The loop a = ft x [0, 1]/ ~ is a meridian for AT and β = ΘTQ is a longitude for A^. Then
which is easily seen to be isomorphic to the following Wirtinger presentation for iS 3 \ K:
Indeed, first eliminate j; (j; = x'^'^αx" 1 ) then set a = a~ι and x = ba~ι.
2.2. By Dehn filling on a 3-manifold X with respect to a loop in a boundary torus, we mean attaching a solid torus to d X so that this loop bounds a meridional disk in the solid torus.
We say that X has a virtually Z-representable fundamental group if π\ (X) contains a finite index subgroup with non-trivial representation to Z. If X is compact, this is equivalent to the existence of a finite cover X -> X with β x {X) = ranki/^l) > 0.
Given a surface F and a homeomorphism A: F -• F, we define the corresponding bundle over S 1 by Fxl/h = JFX[0, l]/(λ(s), 0) ( s, 1). Note that the back face Fx{l} is attached to the front face F x {0} via h.
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Given M^ = TQ X //Λ with A the identity on OTQ, define (as for M) the loops a^ -bxl/^, β = ΘTQ. REMARKS.
(1) M(μ 9 λ) = M(μ 9 -λ) since there exists an orientation reversing homeomorphism on M sending a to a and β to /? -1 (see [H2] or [T] ).
(2) Since M^{μ, λ) = M^-μ, -λ) we will assume that μ > 1.
Statement of results. M(μ, A) is known to have a virtually Zrepresentable fundamental group if:
(i) A ΞΞ ±2// (mod 7) (see [HI] or [N] ), (ii) λ = ±μ (mod 13) (see [HI] ), (iii) μ = 0 (mod 4) and μ/λ ^ ±8 (see [KL] ).
In §5 below, we will prove:
In §6, we first give a simple proof of (iii) by explicitly constructing covers N -• M(4μ 9 λ) 9 for which β\(N) > 1. We show that A/(8, ±1) has a virtually Z-representable fundamental group, the case not covered in [KL] . We then prove virtual Z-representablility for certain M(2μ, λ): Since M is a bundle over S ι jwith fiber TQ and characteristic homeomorphism g, it follows that M is also a bundle over S ι with fiber F a cover of TQ and characteristic homeomorphism g a lifting of g n for some integer n > 1. Î t is easy to show (see [HI] 
) that M satisfies property (ii) above if and only if g*: H\(F) -• H\ (F) fixes a non-boundary class in H\(F).

We adopt the terminology of [HI] that g is homology reducible if it fixes such a non-boundary class in H\ (F).
Thus we will construct M by constructing a finite cover F -> Γ o to which an appropriate power of g lifts to a homeomorphism g: F -> i 7 that is homology reducible. Since g = Z)* o Z^, it is difficult to tell, given a cover F -• TQ 9 whether or not g n lifts to a Jr that is homology reducible (in fact the matter of whether or not a given g n even lifts is difficult to verify in practice). We will avoid these difficulties by using the fact that g Proof. Since h and g 3 both have the same monodromy matrix ( The following is an immediate consequence of Lemma 6.2 and will be used in §6.1:
4-fold cover.
6.1. Now we prove the following (see also [KL] ):
THEOREM B. M(4μ, λ) has a virtually Z-representable fundamental group.
We begin by considering the 9-fold cover S -+ TQ corresponding to the kernel of the map θ: πι (T 0 
) -> Z/3 Θ Z/3 defined by θ([x]) = (1,0) and θ{[y]) = (0,1). Note that both D~3 and R lift to S.
Next we construct, for each d > 3, a cover /^ -• 7b as follows: Let S\, ... , S d be copies of S, each with eight cuts {τ/} as pictured in Figure 4 . Glue the left edge of τ\ in φ to the right edge of τ\ in 5/ + i (mod rf). Next glue the left edge of τ 2 in S; to the right edge of T2 in S/_2 (mod ^f). Now glue the edges τ$ 9 ... ,x% so that the gluing is compatible with that of τ\, τ 2 under a simultaneous counter-clockwise rotation by 90° of each Si. Note that the gluing of τi determines the pattern for τ 3 , τ 5 , τ 7 while the gluing of τ 2 determines that of the τ$, i6, τg. The surface JF3, with identifications for T/ numbered, is pictured in Figure 5 . Some of the properties of the surface F d are given in:
Each compo-LEMMA 6.4. The surface F d is a 9d-foldcover of TQ. , nent βt of dF d projects r t to 1 onto β = dT 0 for r t \d. Now the loop x (resp. y) in TQ is covered by 3d loops X\, ... , i^ (resp. 3d loops j?i, ... , p^d) ^n &d t^a t project 3 to 1 onto x (resp. 3 to 1 onto y). Thus D~3 lifts to Z)^1 consisting of simultaneous negative Dehn twists about the {>>/}. It follows from the construction of Recall that M'(μ, λ -μ) -> M(4μ, λ) = M(4μ, -A) is a 4-fold cover by Corollary 6.3. Since (4μ, λ) φ (0, ±1), by changing the sign of λ if necessary, we can assume that either λ = μ = ±1 or \λ -μ\ > 3. In the first case the loop o! in dM' lifts to loops {c/} in 5Λf^ for any d. In the second case the loop (a f ) μ β λ~μ in dM lifts to loops {ct} in 9¥^ for d =Jλ -μ|. In both cases we obtain N -• Λf (4//, A) by Dehn filling on Λ/^ with respect to the loops {c/} in dMj. This completes the proof of Theorem B.
As an example, consider the case M(8, -1) = Λf(8, 1). Then M'(2, -3) -> Af(8, 1) and the (2,^3) loop in Λf lifts to loops {C(} in the boundary components of M$. iV is gotten by Dehn filling on M3 with respect to the loops {c;} (see Figure 5 ).
PROPOSITION C. Λf (2μ, λ) has a virtually Z-representable fundamental group if λ = ±lμ (mod 15).
Consider the 9-fold cover S -> Γ o described in §6.1, and construct a new cover F -+ Γ o by making eight cuts in S and identifying the edges as shown in Figure 7 . The surface F has genus 4 and <9F consists of 3 circles: & that projects 5-1 onto β, ^2 projecting 3-1 onto β, and ^3 projecting 1-1 onto β. The loop x (resp. y) in 7Q is covered by the three loops X\ 9 x 2 , X3 (resp. y\, 72 > ^3) which project 3-1 onto x (resp. onto y).
It follows from the construction of F that R lifts to 1? the homeomorphism induced by a 90° counter-clockwise rotation, and that D~3 lifts to Dy l given by simultaneous negative Dehn twists about the {j?/}. Hence h (= R o D' 3 ) lifts to h. 6.3. REMARK. By similar arguments, we can show that M(2μ, λ) has a virtually Z-representable fundamental group if λ = ±3μ (mod 7). These cases have been done in [HI] 
By Lemma 5.1, M h {\, 0) -> Λf(3, 1) is a 3-fold covering. Now consider the 8-fold cover F -• 7Q , pictured in Figure 9 , to which h lifts (see §5). Denote this lift by h. Note that h fixes pointwise the eight components of dF and that h is not homology reducible.
Let M = F x I/h. By construction, the loop α^ in M^ lifts to eight loops &\, ... , ά 8 in <9M-indexed so that the loops (ά/, βj) lie in the rth boundary torus of M. Thus the loops ά; project to a 3 β in 9M and Dehn filling on M with respect to the {ά/} gives a cover 7V-+M(3, 1)SM(3, -1). 
